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Abstract 
The notion of cointegration has been widely used in finance and economet-
rics, in particular in constructing statistical arbitrage strategies in the stock 
market. In this thesis, an arbitrage trading strategy for derivatives based on 
cointegration is studied to account for the volatility factor. Pairs of short dated 
at-the-money straddles of European options with positive net carry (i.e. theta) 
are used to capture the mean-reverting property of the linear combinations of 
implied volatilities. Furthermore, modeling and forecasting realized volatility 
are also considered as a supplement to the trading strategy. Implied-Realized 
Criertion and Gamma-Vega Criterion are introduced to improve the trading 
strategy. A performance analysis is conducted with a 3-year historical data of 
Foreign Exchange Options. From the empirical results, the portfolio based on 
the cointegration strategy makes a profit, where Vega plays a dominant role, and 
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The notion of cointegration was introduced by Robert Engle and Clive Granger
in 1987, see Engle and Granger (1987). Since then, cointegration is widely used
in statistical arbitrage for pairs-trading strategy. There are two popular method-
ologies to construct the cointegration relationship: Engle-Granger methodology
and Johansen's methodology, see Johansen (1988).
Investors take advantage of the idea of cointegration in the stock market to
obtain additional prot, see Chan (2010). However, this technique is seldom
used in the derivative markets due to market complexity. The purpose of this
thesis is to generalize the pairs-trading strategy based on cointegration to the
derivative market.
Pairs-trading is pioneered by Nunzio Tartaglia's group at Morgan Stanley in
the 1980's. This strategy is said to be market neutral and is based on the
mean-reverting property. Simple pairs-trading aims to nd out two historically
correlated stocks and captures the divergence of the original trend of these two
stocks. For example, assume that stock A and stock B are highly correlated.
When the trend of the price of stock A deviates from that of stock B, a position
is initiated until the spread between two stock prices eventually converges to
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the historical level. Similar to this idea, cointegration pairs can replace highly
correlated pairs to construct a statistical arbitrage strategy. More details can
be found in Gatev, Goetzmann and Rouwenhorst (2006).
The idea of cointegration can be applied to most simple nancial instruments,
including stock prices, commodity prices, and spot exchange rates. Prices of
derivatives, however, are not suitable quantities to apply cointegration because
it is a function of several factors, including strike price, expiration time, implied
volatility, dividend rate and risk-free rate. By the Johansen test, we found that
strong cointegration relationships exist among the implied volatilities in both
Hang Seng Index constituents options and Foreign Exchange options from 2009
to 2010. An alternative way to introduce cointegration into the derivative mar-
ket is trading volatilities by trading at-the-money (ATM) straddles. It is not as
simple as trading stocks, however. Besides vega, which measures the sensitivity
to the volatility, dierent aspects related to the straddle price, such as delta,
gamma and theta, need to be considered. We aim to make the vega as large
as possible while others have negligible impacts. Through a series of settings,
pairs of short dated ATM straddles of European options with positive net carry
(i.e. theta) are developed.
In our analysis, we found that the portfolio may suer a huge loss from gamma if
the actual change of the underlying asset deviates too much from the expected
change. The cointegration criterion, however, does not consider this discrep-
ancy. To improve the eciency of the strategy, an additional criterion on the
volatility that captures the dierence between the actual and expected varia-
tion is necessary. Realized volatility is used to measure the actual variation of
the underlying asset, but it cannot be observed. We need to model and fore-
cast the realized volatility so that the additional criterion can be implemented.
Modelling and forecasting realized volatility are explored by many authors, see
Garman and Klass (1980) and Andersen, Bollerslev, Diebold and Labys (2003).
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Among various models, High-Frequency Estimation and ARFIMA model are
chosen to implement two additional criteria: Implied-Realized Criterion and
Gamma-Vega Criterion.
In this thesis, the cointegration strategy is applied to the implied volatility
using Johansen's methodology by trading at-the-money FX straddles. Two
criteria: Implied-Realized Criterion and Gamma-Vega Criterion are introduced
to improve the trading strategy. The empirical study is conducted with the
Foreign Exchange Options from 2009 to 2011. In Chapter 2, basic ideas of
Johansen's methodology and trading strategy are presented. The main idea of
cointegration pairs trading strategy in derivatives is studied in Chapter 3. In
Chapter 4, improvements of the strategy are discussed. Finally, conclusion and




This chapter discusses the basic concepts of the trading strategy. Because the
trading strategy is based on the notion of cointegration, the concepts of coin-
tegration are presented. Among dierent ideas of cointegration, Johansen's
methodology is used to identify the cointegration relationship, from which a
pairs trading strategy for underlying assets using cointegration will be explored.
In the analysis below, we found that losses may be incurred if the actual vari-
ation of the underlying asset is far from the expectation, To avoid initiating
these \bad" trades, an additional criterion based on the dierence between real-
ized volatility and implied volatility 1 is introduced. However, realized volatility
cannot be observed. Methods for modelling and forecasting realized volatility
will be studied.
2.1 Cointegration and Johansen's Methodology
2.1.1 Cointegration
The concept of cointegration was introduced by Robert Engle and Clive Granger
in 1987, see Engle and Granger (1987). They aim to remove the common
1Realized volatility measures the actual change in the underlying asset while implied volatil-
ity is the assessment of future variation.
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stochastic trend of a multivariate time series based on identifying a linear rela-
tionship.
Denition fXtg is said to be I(d) process, where d is the order of integration,
if (1  L)dXt is stationary, where LXt = Xt 1.
Denition Let fXtg be n  1 vector and I(d) process. If there exists an
n  r (r < n) matrix H, H 6= 0, such that H 0Xt is stationary, then Xt is said
to be cointegrated of order d. When d is an integer, it is called \cointegration".
When d is a fraction, it is called \fractional cointegration".
There are two popular methodologies to test the cointegration relationship:
Engle-Granger's methodology and Johansen's methodology. In our analysis, we
use the latter method because it is more ecient. For simplicity, a dimension
n = 2 is used in our empirical study.
2.1.2 Johansen's Methodology
Johansen's methodology is based on the Vector Autoregressive (VAR) process.
Consider a p-dimensional non-stationary I(1) time series fXtg, which follows a
VAR(k) process:
Xt = 1Xt 1 +2Xt 2 +   +kXt k + "t; t = : : : ; 1; 0; 1; : : : ;
where 1;2; : : : ;k are p p matrices, and "t is Gaussian random vector with
mean 0 and covariance matrix 
.
Note that the above equation can be rewritten as a Vector Error Correction
Model (VECM):




i=1 i   I; l =  
Pk
j=l+1 j ; l = 1; : : : ; k   1. Hence,  l,
l = 1; : : : ; k   1 are unrestricted.
Johansen's methodology aims to test whether the matrix   can be expressed as
the multiplication of two suitable p  r(r < p) matrices  and . If   = 0,
then 0Xt is stationary, where  is the adjustment coecient and  is the coin-
tegrating vector. Johansen proposed two methods to test if r < p is true: the
trace test and the maximum eigenvalue test. The corresponding likehood ratio





H0 : Kc = r vs H1 : Kc = p.
Maximum eigenvalue test:
Leig =  N log(1  ^r+1),
H0 : Kc = r vs H1 : Kc = r + 1.
Here N is the sample size, ^i is the i-th largest canonical correlation and Kc is
the number of coinegrating vector.
The parameters are estimated by maximum likelihood estimation. The details
of the procedure are given in Johansen (1988).
2.2 Cointegration Pairs Trading Strategy
In the past, it was common to use principal component analysis (PCA) to iden-
tify the common trend of two stocks based on its correlation coecient. How-
ever, the PCA assumes the stock returns data are i.i.d.. Cointegration, which
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is used to identify the common stochastic trend, would be a better technique to
identify the linear relationship between two stochastic processes. Protability of
the cointegration pairs trading strategy in the stock market has been reported,
see Chan (2010). The details of the strategy are as follows.
Let Xt and Yt be the prices of two stocks at time t. Assume that logXt and
log Yt are cointegrated, i.e. there exists two constant a; b such that the linear
combination of the log prices of the two stocks a logXt + b log Yt is stationary.
Based on Taylor Series expansion evaluated at time t0,
a logXt + b log Yt  a(logXt0 +
Xt  Xt0
Xt0










Yt + a(logXt0   1) + b(log Yt0   1):
Because a(logXt0 1)+b(log Yt0 1) is a constant, the stationarity of a logXt+












Yt should exhibit the mean-reverting property. By virtue of this property,








If the portfolio continues to be governed by this mean-reverting process and
t0 < E(t), one should long the portfolio at time t0 (buy aXt0 shares of Xt and
sell bYt0
shares of Yt) and realizes the gain when the portfolio value returns to
its mean level. If t0 > E(t), then one should short the portfolio at time t0
(sell aXt0
shares of Xt and buy
b
Yt0
shares of Yt) and realizes the gain when the
portfolio value returns to its mean level. Chan (2010) conducted an empirical
study on the constituents of the Hang Seng Index in 2007. The result suggests
that such a strategy can be protable.
7
2.3 Modelling and Forecasting Realized Volatil-
ity
Trading volatilities is more complex than trading stocks. The portfolio used to
trade volatility is aected by serval factors including: strike price, expiration
time, implied volatility and risk-free rate. In the analysis below, we found that
the dierence between the implied volatility and realized volatiltiy aects the
portfolio P/L. The cointegration criterion does not consider this aspect, how-
ever. To remedy such a problem, modelling and forecasting realized volatility
are necessary. Andersen, Bollerslev, Diebold and Labys (2003) introduced a
High-Frequency Realized Volatility Estimation. The detail is as follow.
Let frn;t; n = 1; :::; N; t = 1; : : : ; Tg be the log-return of an underlying asset at
the n-th data point (equally-spaced interval) of the t-th day. Assume that rn;t
are i.i.d. with zero mean and constant variance 2=N . Dene High-Frequency





n;t, for t = 1; 2; : : : ; T .
Then,













The quantity s2t is an unbiased estimate of 
2, based on the information on the
t-th day only (avoids the problem of lagging). Estimates of realized volatilities
during the whole day are required, and thus, this estimation takes advantage
of the market which are traded 24 hours/day (such as FX market). In order to
obtain a smoother estimate of s2t over time, Andersen, Bollerslev, Diebold and
Labys (2003) recommended a data frequency of 30-minute intervals, i.e. N = 48.
Meanwhile, Andersen, Bollerslev, Diebold and Labys (2003) compared the one-
day-ahead and ten-day-ahead of estimates based on dierent long-memory time
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series models on realized volatilities and found that the best model in terms of
R2 is ARFIMA model on the log of realized volatilities yt = log st:
(L)(1  L)d(yt   ) = t,
where d is the order of integration and t is a vector white noise process.
Because of the advantages of High Frequency Estimation (avoids the prob-
lem of lagging and benets from FX market), High Frequency Estimation and






Implied volatility is the assessment of the future variation of an underlying asset.
Even though prices between two underlying assets may not be cointegrated, the
volatility of these two underlying assets may still exhibit a cointegration phe-
nomenon because they may be aected by the same exogenous event so that
people have the same perspective to the variations of the underlying assets. It
is therefore possible that there exist cointegration pairs in the implied volatil-
ities. By the Johansen test, we found that strong cointegration relationships
exist among the implied volatilities of Hang Seng Index constituents options
and Foreign Exchange options from 2009 to 2010. By virtue of this observation,
a deviation from the mean level of the cointergration pairs can be captured to
generate possible prots.
3.1 Trading On Implied Volatility
The cointegration trading strategy is applied to the volatility instead of the stock
price. In the current market, no products trade the volatility of an individual
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underlying asset directly. Alternatively, there are several methods to implicitly
trade volatility by derivatives. One of the most commonly used methods is
trading a straddle. For simplicity, at-the-money straddles are considered, as it
is mainly driven by the volatility of the underlying asset, while it is relatively
immued to the price movement of the underlying asset.
Denition A long (short) straddle is long (short) a call option and a put option
with the same strike price and the expiration date.
Figure 3.1: Payo function of longing a straddle.
Recall that the payo function of a straddle (Figure 3.1) is equal to the absolute
value of the moneyness of the option (stock price - strike) at expiration. If we
buy an at-the-money straddle at time t, then we can make a prot as long
as the change of stock price in the future is large enough, i.e. the volatility
is large. Longing (shorting) a straddle is equivalent to longing (shorting) the
volatility until expiration. Furthermore, in Appendix A, it is shown that the
approximated price of an at-the-money (ATM) straddle (STt) is given by






T   t+ o(St2(T   t)); (3.1)
which is approximately linear in both St and , when the expiration duration
(T   t) is small (say less than one year). From equation (3.1), we observe that
trading an at-the-money straddle is like trading the corresponding volatilities.
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Hence, similar to the trading strategy in the stock market, we introduce the no-
tion of cointegration in the derivative market by trading at-the-money straddle
(trading the cointegration pairs of implied volatilities).
3.2 Cointegration Trading Strategy
To nd out when we should initiate a trade, suppose that the trading signal is
TSt = a
x
t   byt  I(0),
where xt and 
y
t are implied volatilites of underlying assets x and y at time
t, a and b are the coecients of the cointegration pairs (0 < a; b  1) and the




where  and  are the mean and standard deviation of the trading signal TSt.
In the preceding section, we found that option price and implied volatilities are
concordant. Hence, if TSt (or Zt) is far below the mean level, then the option
price of a straddle for x is too cheap comparing to that of y in the historical
term. We should long a portfolio that is able to replicate TSt, i.e. a long
position on ST xt and a short position on ST
y
t . We expect it to return to the
historical mean level. On the other hand, if TSt (or Zt) is much higher than
the mean level, then a portfolio which replicates TSt should be sold, i.e. a long
position on ST yt and a short position on ST
x
t .
Dene the portfolio t consisting of these two straddles,
t = A (Cxt + P xt ) B  (Cyt + P yt ); t 2 (t0; T ); (3.2)






t are the price of ATM options at time t, T is the option
expiry and the values of A and B will be determined later.
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3.3 Greek Letters
We are concerned if the strategy makes money. But it is dicult to determine
the future value of the portfolio. On the other hand, the expected value of the
portfolio can be estimated. If cointegration is found in the implied volatility
of two specic FX options, then one can show that the expected return of the
portfolio is greater than 0 under certain conditions. The details are as follows.
3.3.1 Requirements of the Trade
To approximate the P/L of the portfolio 4t = t   t0 at time t, where t 2
(t0; t0+"), dene 4t = t t0, 4Sxt = Sxt  Sxt0 , 4Syt = Syt  Syt0 , 4xt = xt  xt0
and 4yt = yt   yt0 . Based on the Taylor expansion, the change in portfolio
4t can be approximated by
4t  4t+4x 4Sxt +4y 4Syt +
1
2




 yy  (4Syt )2 + x 4xt + y 4yt ;
(3.3)






2 ,  yy =
@2t
@(Syt )








Note that the last two terms of (3.3), namely the P/L due to the vegas of x
and y, are highly related to the trading signal TSt mentioned in the previous
section. Vega measures the sensitivity to the volatility, the quantity that we
want to trade, and therefore, we aim to mainly trade vega. We select options
with dominating terms for vegas in (3.3), while the P/L impact of the other ve
terms in (3.3) should either be small or have a positive impact to the portfolio
P/L.
The impact of vega in the trade can be maximized while others (delta, gamma,
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theta) either are negligible or have a positive impact if the trade fullls the
following requirements:
1. Short-term period of trading;
Delta of an at-the-money straddle is close to zero, but increases to 1 as the
moneyness increases, and decreases to  1 when the moneyness decreases.
Therefore, the delta of P/L could have a signicant impact on 4t as
time goes on. In practice, one can minimize its P/L impact based on dy-
namic hedging in delta. By the end of each trading session (or each week),
we rebalance the deltas (4x and 4y) of the portfolio to zero, based on
longing or shorting the underlying Sxt and S
y
t . However, dynamic hedging
could be costly due to the transaction cost incurred. Alternatively, one
can trade the straddle portfolio for a shorter period of time to reduce the
impact of the volatility of moneyness to the delta of P/L.
2. U sing long-dated option;
Gamma of longing an at-the-money straddle is maximized, but is dimin-
ished to zero when the moneyness increases. In addition, a long-dated
straddle would have lower gamma (and higher vega) than a short-dated
straddle because of the
p
T   t term in the denominator of gamma (but
at the numerator of vega). Thus, we focus on long-dated straddles in the
trading strategy to minimize the impact of gamma.
3. The mean of the trading signal is negative (positive), the posi-
tion is initiated when the trading signal is too low (high). Oth-
erwise, the position should not be initiated.
In the derivation below, it is shown that at time t,
14









T t ; short the portfolio;
where TSt = Zt + ,  and  are the mean and standard deviation of
the trading signal TSt.
In the case of longing the portfolio, the trade is initiated when TSt is too
low (Zt is too negative). If  is negative, TSt remains negative during
the trading period so that theta is positive all the time. Otherwise, if  is
positive, TSt is positive when TSt is close to the mean level so that there
exists a loss from theta. To ensure a positive prot from theta, the trade
requires this condition.
If these requirements can be met, the trade will be dominated by vega.
3.3.2 Approximation of the Expected P/L
Withou loss of generality, assume that the mean of TSt is smaller than 0 and
the trading signal TSt0 is too low compared to historical terms (with z-score
of say -2.0) in the derivation below. In that case, we would long A units of
straddle ST xt and short B units of straddle ST
y
t at time t = t0 to capture the
mean-reverting property. On top of the assumptions mentioned in section 3.3.1,
if we further assume that the trade will be implemented within a short-term
period starting at t0, the Greek Letters can be approximated. Let the units to












, where a and
b are the coecients of the cointegration and let
(V ega) I = x 4xt + y 4yt ;




 xx  (4Sxt )2 +
1
2
 yy  (4Syt )2;
(Theta) IV = 4t:
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Then 4t = I + II + III + IV and we are concerned if E(4t) > 0.















and the Geometric Brownian Motion St satises
dSt
St
= rdt + rdWt, where
the realized volatility r is the actual variation of the underlying asset, in the




























where t = t   t0, rt0 is the risk-free rate, (rx)2 and (ry)2 are the average












Note that part I (Vega Part) is the main prot to be captured in the trad-
ing strategy. Should the trading signal reverts back to its mean value, then
E(I) > 0. In general, if the speed of mean-reversion of the trading signal is fast
enough, then the trade will be closed for prot taking before the option expires.
Furthermore, we can prove that E(t) > 0 under certain conditions.
Proposition 3.3.1. If the trade is in a short-time period, E(II) + E(IV ) > 0.
Proof. In section 3.3.1, we know that theta (IV) is a positive net carry in the
trade. Compared the expected value of theta (IV) with that of delta (II),E(IV )
E(II)
 = 1(T t0)rt0 .
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Because T   t0 is smaller than one (year) and rt0 is very small (0%-5% in most
countries), jE(II)j << jE(IV )j. Hence,
E(II) + E(IV )  jE(IV )j   jE(II)j > 0,
i.e. the loss due to delta is likely to be compensated by the positive net carry
from IV.
Proposition 3.3.2. Assume that
1. Annualized volatilities (include implied volatility and realized volatility) of







t0 , for i = x; y, c > 1;
3. (TSt) > 1.
Then E(I) + E(III) > 0.
From the historical data, most of the volatilities are smaller than 80% unless the
company bankrupts. Furthermore, in the short-term period, the realized volatil-
ity should not dramatically dier from its corresponding implied volatility, oth-
erwise there exists an obvious arbitrage which will be absorbed by the market im-
mediately. Thus, we believe that assumptions (1) and (2) are reasonable. Based
on these two assumptions, the boundary of E(III) can be deduced. On the other
hand, the trade is initiated when TSt0 is too negative (postive), say over two
standard deviations from the mean level, i.e. jE(TSt)   TSt0 j > 2(TSt). As-
sumption (3) is used to ensure that E(TSt)   TSt0 is large enough. In the
empirical study, most pairs fulll this assumption.
Proof. Under assumptions (1) and (2), one can show that














Recall that the trade requires long dated options and trades in a short-term
period. To strike a balance between the trading requirements and options liq-
uidity, the maturity of the options should be at least three months and the trade
should not last over one month. i.e.
T t0
t  3.
Vega is the main prot in the trade. Compared the expected value of gamma
with that of vega, E(I)
E(III)
















  7:5c2 (E(TSt)  TSt0).
The trade is initiated when TSt0 is too negative comparing to the mean level
(E(TSt)), and c is close to 1. Hence,
7:5
c2 (E(TSt)  TSt0) > 15c2 (TSt) >> 1,
and therefore
E(I) + E(III)  jE(I)j   jE(III)j > 0.
In conclusion, if the implied volatilities of the underlying assets are not too
high and deviate too far from the corresponding realized volatilities, and if
E(TSt)  TSt0 is large enough, then
E(t) = E(I) + E(II) + E(III) + E(IV ) > 0.
3.4 Foreign Exchange Options
Based on the aforementioned analysis, we select a pair of cointegrated implied
volatilities to examine the day-by-day performance of the portfolio. Deriva-
tives of Foreign Exchange (FX) options are the best candidates for our analysis
because of the following reasons:
1. FX options are traded in both exchanges and over-the-counter (OTC)
market with high liquidity.
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2. Tick-by-tick data of the spot exchange rates are available in some public
database (e.g. http://ratedata.gaincapital.com/).
3. FX options are European options which are concordant with our analysis.
For our trading strategy to be eective, the following criteria are set when se-
lecting and trading the FX options:
(i) Short-term Period of Trading
Because a short-term period of trading is assumed in the analysis before, the
speed of mean-reversion of the trading signal should be fast. In our analysis,
two year of historical data were used to identify the cointegration relationship,
with the data for the subsequent three months using for trade initialization.
This measure makes the trading signal more stable and the speed of the mean-
reverting faster.
(ii). Long-dated options
Balancing the liquidity of the options and the requirement, we use the options
with 3-month expiry.
3.4.1 Cointegration Pairs
Recall that our trading requirement is trading in a short-term period and using
long-dated option. To strike a balance between the trading requirements and op-
tions liquidity, FX options of 30 currency pairs (e.g. EUR/USD) with 3-month
expiry for all the strikes from 2009Q4 to 2011Q4 are examined to illustrate the
trading strategy. The data from 2009Q4{2011Q3 is used to identify possible
cointegration in any two currency pairs by Johansen test, and the cointegration
pairs identied will be used as the trading signals for 2011Q4.
According to the results of Johansen test, the implied volatilities of GBPNZD
and GBPUSD are signicantly cointegrated with the parameters a = 0:6762
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and b = 1:0000, i.e. the trading signal is
TS = 0:6762 GBPNZD   GBPUSD.
The details of two implied volatilities of two currencies during 2009Q4{2011Q3
are given in Table 3.1 and Figure 3.2.
From Table 3.1, after the linear combination, the half-life 1 of the trading signal,
which is used to measure the speed of the mean-reversion, is smaller than the
half-life of two individual currencies. Meanwhile, from Figure 3.2, prior to the
orange line (vertical line on Sep 30, 2011), the historical z-scores moves stably
around the mean level. We believe the z-score will keep moving in this pattern
in the next three months. If there exists a TSt deviated from its mean, it can
be captured to make a prot.
The average of the trading signal is positive, therefore, the position should
be initiated when the trading signal is too positive. The z-score of the TSt on
03/10/2011 is above 2, which is the threshold we set, and the z-score is expected
to return to the mean level. Hence, we initiate a position with the three-month
expiry options, i.e. the options expire on 03/01/2012.
GBPNZD GBPUSD
TS z-score
Implied (in%) Implied (in%)
Average 13.14 11.43 5.41 0.00
Stdev 1.49 1.61 0.95 1.00
Minimum 10.69 8.78 3.37 -2.13
Maximum 17.75 16.35 8.46 3.19
Half-Life(Days) 19.43 39.46 14.63 14.63
Table 3.1: Details of the implied volatilities.
1Half-life is used to measure the duration that a quantity falls in half of its value at the
beginning. It can be dened as T such that E(Xt0+T ) =
1
2
Xt0 . Assume that Xt follow AR(1)





















Figure 3.2: z-score of the trading signal.
3.4.2 Trading Process
The z-score of the Trading Signal on 03/10/2011 is 3.39. It means that, rel-
ative to the historical data, the current implied volatility of GBPNZD is too
high compared with that of GBPUSD. Therefore, the price of the portfolio is
too high and we should sell them. According to the denition of the units to
be long or short for the underlying assets (A and B) as above, we calculate
how many shares of GBPNZD straddle we should sell and how many shares of
GBPUSD straddle we should buy. To clearly identify the eect of the Greek
Letters, introduce the scale of 100,000. More details of the setting of the trade
can be found in Appendix B.
The trading signal gradually falls back to the mean level since 03/10/2011. On
07/10/2011, the z-score of the Trading Signal is 1.52, which is smaller than
half of that on 03/10/2011 and within the threshold we set. Therefore, we close
the portfolio on that day. Figure 3.3 illustrates the performance of this strategy.
From Figure 3.3, the cumulative P/L of the portfolio is led by the vega at rst
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Figure 3.3: Change of P/L due to Greek Letters.
returns to its mean level and the position is closed on 07/10/2011. The value
of the portfolio is -USD3,465 on 03/10/2011, and then the value increases to
-USD2,783 on 07/10/2011 (the details of the portfolio can be found in Appendix
B). Finally, we gain +USD682 by this strategy.
3.4.3 More Examples
In this section, more trades based on the proposed strategy are explored. We
continued to use the FX options. We rst consolidated the data to estimate
the implied volatilities of at-the-money straddle for each currency pair. Then
we identify possible cointegration in any two currency pairs, based on the data
from 2009Q1-2010Q4. The cointegration pairs identied will be used as trading
signals for 2011Q1. We repeated the same procedure to identify possible coin-
tegration pairs during 2009Q2-2011Q1, 2009Q3-2011Q2 and 2009Q4-2011Q3,
which would serve as the trading signals for 2011Q2, 2011Q3 and 2011Q4.
In order for the trade to be equally weighted in terms of P/L, the notional
amount of each trade will be adjusted so that the expected P/L obtained from
vega is USD1,000. For example, if the expected prot from vega is USD400 in
a certain trade, then the notional amount should be increased 2.5 times so that
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the expected prot from vega is USD1,000.
On the other hand, if the trading signal does not return to the mean level, we
cannot close the position. If the trading period is too long or a huge loss is
incurred, it is possible that there is a loss. Hence, criteria for stopping a trade
should be set up.
 Prot Taking
We initiate the trade at time t0 when there is an outlier in the trading
signal TSt and close it when TSt reverts back to the value as
1
2TSt0 , where
t0 is the time we initiated the trade.
 Stop Loss Limit
Stop loss limit directly reects the prot or loss of the trade. Our ex-
pected prot from vega is USD1,000, and therefore, stop loss limit is set
as  USD1,000, i.e. if the loss in the trade is over  USD1,000, the trade
will be closed at the end of that day (because we only have the historical
implied volatility at the end of the day).
 Trade Unwind
The speed of the mean-reverting should be fast and the trading period
does not last too long. In general, the speed of the mean-reverting in the
historical data is around 12-13 days. Hence, we set the maximum of the
trading period as 25, i.e. if the trade lasts over 25 days, we assume that
the trading signal will not return to the mean level and the position is
closed immediately.
After all settings have been made, the empirical study can be conducted. Based
on the data, there are 118 potential trades within the trading period. However,
most of the trades are highly correlated with each other. For instance, during
the period Jan 3, 2011 to Jan 27, 2011, 6 out of 7 cointegration pairs involved
the currency pair of EURNZD. To avoid the P/L being magnied by the strong
correlations, we would not initiate a position with one of the currency pairs
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Figure 3.4: Criterion for closing the trade.
overlapping with any of the existing trades. After ltering the correlated trades,
the performance of the cointergration strategy on FX options is shown in Table
3.2.
From this table, we see that the strategy generated positive P/L in 2011Q1,
2011Q2 and 2011Q4. P/L in 2011Q3, however, incurred huge losses as the
trades failed to revert back to their historical mean levels. The possible reason
is that the foreign exchange rate is sensitive to the policy and the economy
of the country. These factors are dicult to capture from the historical data.
Obviously, the global economy was unstable during 2011Q3 so that the realized
volatility of the FX options has changed to dierent patterns, which may drive
the implied volatility pattern away from the expected ones. It violates the
assumptions made in estimating the gamma of P/L. Hence, the pevious strategy
does not work when the volatility encounters exogenous factors. Besides the
cointegration criterion, additional criteria in terms of the dierence between the
implied volatility and realized volatility for trading FX option are necessary.
In the next chapter, we will introduce the Implied-Realized criterion and the
Vega-Gamma criterion to remedy such problems.
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Product 1 a Product 2 b Signal Start End Prot
CADJPY 0.6428 EURNZD 1.0000 -2.6940 1/3/11 1/21/11 -1,545
GBPJPY 0.5870 NZDCAD 1.0000 -2.0715 1/27/11 2/21/11 772
EURJPY 0.7251 EURNZD 1.0000 -2.1267 2/22/11 3/4/11 -1,610
NZDCAD 1.0000 NZDJPY 0.4415 2.1924 2/24/11 3/10/11 -1,098
AUDJPY 0.5300 NZDCHF 1.0000 -2.0530 2/24/11 3/14/11 1,964
GBPNZD 1.0000 USDCAD 0.9726 2.0069 3/8/11 3/16/11 1,733
GBPUSD 0.9411 NZDCAD 1.0000 -2.3959 3/15/11 3/18/11 1,759
USDCHF 1.0000 USDSEK 0.2250 2.5874 5/6/11 5/9/11 1,568
AUDCAD 1.0000 NZDCHF 0.8077 -2.0895 6/15/11 7/8/11 -278
CADCHF 1.0000 EURCAD 0.7780 2.1004 7/7/11 7/15/11 -1,232
CADJPY 0.3954 NZDCHF 1.0000 -2.6521 7/12/11 7/21/11 -1,419
AUDCHF 1.0000 EURAUD 0.9516 2.0714 7/15/11 7/21/11 -1,047
CADCHF 1.0000 EURUSD 0.6740 2.1752 7/25/11 8/2/11 -2,717
EURAUD 0.6977 NZDCHF 1.0000 -2.0884 7/27/11 8/4/11 -2,498
AUDCHF 1.0000 AUDUSD 0.3987 2.0745 8/2/11 8/4/11 -1,029
USDCHF 1.0000 USDSEK 0.1757 -2.8074 8/2/11 8/5/11 -1,687
CADCHF 1.0000 GBPCHF 0.6654 2.4183 8/5/11 8/9/11 -1,253
GBPUSD 0.4198 NZDCAD 1.0000 -2.4273 8/5/11 8/11/11 -1,031
AUDCHF 1.0000 USDCHF 0.4939 2.1452 8/8/11 8/9/11 -1,339
GBPCAD 0.8110 GBPNZD 1.0000 -3.2243 8/9/11 8/10/11 446
CADJPY 0.3096 EURNZD 1.0000 -2.9409 8/9/11 8/23/11 1,458
AUDCAD 0.7553 EURNZD 1.0000 -2.3284 9/2/11 9/27/11 1,727
AUDJPY 1.0000 NZDJPY 0.9958 -2.8884 9/8/11 9/9/11 2,067
EURAUD 0.2479 NZDCAD 1.0000 -2.0820 9/23/11 9/28/11 863
EURNZD 1.0000 GBPJPY 0.2413 2.6896 10/3/11 10/14/11 886
GBPNZD 1.0000 USDJPY 0.9827 3.4003 10/3/11 10/25/11 488
GBPUSD 0.3897 NZDCAD 1.0000 -2.4143 10/3/11 10/6/11 1,666
CADJPY 0.5754 GBPAUD 1.0000 -2.1848 10/4/11 10/17/11 958
Total Prot -1,427




In Chapter 3, we introduced the cointegration strategy on derivatives of a pair
of foreign exchange rates, with the P/L of the portfolio comprising of four parts:
vega, delta, gamma and theta. A loss is incurred when the realized volatility
and implied volatility are aected by some non-anticipated factors. Under this
situation, assumptions made in estimating the gamma of P/L is violated and
the P/L of gamma, which is sensitive to the realized volatility, becomes an
issue. In this chapter, we introduced two criteria to the trading signal TSt
from cointegration, which enable us to take into account the magnitudes of the
realized volatilities of the two exchange rates. These criteria choose the trades
without a huge expected loss of gamma and enhances the P/L of trading FX
options.
4.1 Estimation of Realized Volatility














average squared future annual realized volatilities for longing a portfolio. The
future realized volatilities cannot be observed at the starting time of the trade.
To determine the value of E(III) and to decide whether we should initiate a
trade, modelling and forecasting realized volatility are needed. The following
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models are adopted to model and forecast realized volatility.





n;t, for t = 1; 2; : : : ; 48, i.e. 30-minute intervals.
Forecasting: ARFIMA model:
(L)(1  L)d(yt   ) = t,
where yt = log st, d is the order of integration and t is a vector white noise
process.




2 ds, t should be determined before forecasting. As
the trade will not last too long, we believe that 25 days would be a suitable
period to forecast the realized volatility (r)2, which is equal to the average of







In the previous analysis, we show that the quantity III is one of the major factors
in contributing the variability of the P/L. Besides the cointegration signal, we
would like to add an additional criterion to control the quantity III. When the





























is far from the corresponding expected value, then the trade should not
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be initiated. Hence, we dene the Implied-Realized Criterion as the ratio







8><>:  d; if TS < 0; u; if TS > 0; (4.1)
where d and u are to be determined.








) E(III) > 0.
This does not often happen. Furthermore, we do not expect there is a prot
from gamma. A small loss in gamma can be tolerated. Thus, it is more desirable
to use a softer limit, such as d = 0:7. It would not make the trade suer a big
loss becasue the positive vega covers part of the losses of gamma. Similarly, u
can be set as 1.3. The K   value in the Implied-Realized Criterion can be
calculated using ~(r)2.
Now, we use two examples to show how the criterion works. According to the
cointegration signal, two potential trades are identied as follows:
Product 1 a Product 2 b TS Start K   value
CADJPY 0.6428 EURNZD 1.0000 -2.6940 1/3/11 0.5311
NZDCAD 1.0000 NZDJPY 0.4415 2.1924 2/24/11 1.9376
TS in the rst trade is smaller than 0 and the K   value is 0.5311, which is
smaller than the limit d (= 0:7). This trade should not be initiated. Similarly, in
the second trade, TS is greater than 0. Whether the trade is initiated depends
on whether K   value is smaller than u (= 1:3). K   value in the second trade
is 1.9376, which is greater than 1.3. Hence, this trade should not be initiated.
This criterion is used to eliminate the trade with a huge expected loss from
gamma. We use the data in Section 3.4.3 to examine the performance of this
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Implied-Realized Criterion. The performance is shown in Table 4.1.
The strategy with the Implied-Realized Criterion is much better than the
performance of the original strategy. By imposing the Implied-Realized
Criterion, some trades with enormous losses were eliminated. Because the
Implied-Realized Criterion only considers the P/L of gamma while ignores
the impact from vega, this criterion is too strict so that part of the potential
\good" trades cannot be initiated. In the next section, we will introduce another
criterion to improve the P/L of the portfolio based on the trade-o between the
vega and gamma P/L.
4.3 Gamma-Vega Criterion
The Implied-Realized Criterion introduced in the previous section only con-
trols the gamma P/L and ignores the vega P/L. It is possible that gamma P/L
can be compensated by vega P/L. To consider the portfolio P/L eectively, we
use the ratio of vega and gamma as the Gamma-Vega Criterion, which is
expressed as















where d is to be determined.
If K is signicantly greater than 1, the trade is more likely to be initiated. From
the analysis in Chapter 3, if the trading signal TS shows the mean-reverting
property, then there is a high probability that the ratios of vega P/L and gamma
P/L are greater than 1. Hence, if d = 1, the Gamma-Vega Criterion will not
have a signicant eect in choosing a suitable trade. From the historical data,
we found that d = 11 is a better lower bound. In this empirical study, we use




















































































































































































































































































































































































































































































































There are three unknown parameter in equation (4.2): E(TSt), E(rx)2 and
E(ry)2. The last two quantities can be estimated by ~(r)2 in Section 4.1. To
estimate E(TSt) starting at TSt0 , we apply the following time series models
on the z-score of the trading signal Zt, where Zt =
TSt 
 ( and  are the
mean and standard deviation of the trading signal). We can then estimate





Consider an AR(1) Model: Zt = aZt 1 + "t, where "t is white noise.
Note that the trading signal is a stationary series, as it is constructed by
a linear combination of cointergration pairs. In order to model Zt, we
use the simplest model AR(1) for forecasting. After 1000 simulations, the
mean of the forecasting would be the estimation of E(Zt).
2. Vasicek Model
Consider the Vasicek Model: dZt = a(b   Zt)dt + dWt, where a is the
speed of the mean-reversion and b is the mean of Zt.
Because the trading signal is supposed to be mean-reverting, Vasicek
model, which includes the mean-reverting eect, is appropriate. The mean
of the z-score of the trading signal is supposed to be 0. Hence, b = 0. The
standard deviation of the historical trading signal is regarded as . a is
equal to the coecient of the regression of Zn on Zn 1 minus 1. Under
1000 simulations, the mean of the forecasting by Vasicek model is the
estimation of E(Zt).
3. Deterministic Method
In this method, we assume Zt would mean-revert to some target values
(e.g. 0 or 12Zt0) at time t, and therefore the trades will be closed. In our
analysis, we set E(Zt) = 0 for equation (4.2).
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Then the P/L in each trade based on these three methods above are shown in
Tables 4.2{4.4.
From these Tables, observe that the performance of the strategy with Vasicek
model and AR model are similar, while the Deterministic method seems to be
inferior in terms of generating the smallest P/L. On the other hand, because the
Gamma-Vega Criterion accounts for the eect of vega, which can balance
dierent aspects of the P/L in each trade, there are more trades initiated under
the Gamma-Vega Criterion than the Implied-Realized Criterion. In the
next section, we will compare the performance of these two criteria.
4.4 Summary
Trading strategy on FX options based on cointegration itself does not perform
well. One of the main reasons is that, when a sharp increase in implied volatility
is observed, the increase in implied volatility is likely to be driven by an even
sharper increase in realized volatilities. Even though the cointegration relation-
ship suggests that the implied volatility should mean-revert with its implied
volatilities counterpart, in the short run, however, the cointegration relation-
ship may break down. This situation is not uncommon, especially when major
shifts in monetary policy or economy is observed/announced. Because of this,
the Implied-Realized Criterion is necessary to ensure that the dislocation
in implied volatilities observed in the cointegration signal is not driven by the
realized volatilities. In addition, to increase the number of trades, theGamma-
Vega Criterion is also imposed to select more trades with smaller gamma P/L
against vega P/L. In this chapter, two dierent criteria with dierent methods
have been introduced. The comparison of their performance is summarized in
Table 4.5.













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































No Second Implied-Realized Gamma-Vega criterion
Criterion Criterion AR(1) Vasicek DE
# of trades 28 9 15 15 15
# of
14 7 10 10 9
positive trades
Rate of
50% 78% 67% 67% 60%
positive trades
Total P/L -1,427 7,686 7,663 7,663 5,193
Average P/L
-51 854 511 511 346
per trade
S.D. 1,500 1,508 1,535 1,535 1,568
Max 2,067 3,415 3,415 3,415 3,415
Min -2,717 -1,885 -1,885 -1,885 -1,885
 DE means Deterministic.
Table 4.5: Summary of dierent strategies.
would initiate most trades, but the average P/L is the lowest. The open trades
under this strategy are not necessarily \good" trades. If we initiate a \bad"
trade, then the potential \good" trade may not be initiated. It is possible that
without a supplementary criterion, the open trades under the strategy would
reduce the number of \good" trades.
On the other hand, the strategy with the Implied-Realized Criterion and
theGamma-Vega Criterion are better than that without additional criterion.
Comparing the performance of Implied-Realized Criterion and Gamma-
Vega Criterion, the total prot under these criteria is similar, but the number
of trades in the strategy with Gamma-Vega Criterion is larger than that
with Implied-Realized Criterion. Hence, a supplementary criterion for the





The notion of cointegration technique has been widely used in the stock market
using pairs trading strategy. However, the notion is seldom introduced in the
derivative market due to the market complexity. In this thesis, pairs trading
strategies on straddles are proposed, based on the cointegration relationship of
implied volatiles between ATM foreign exchange straddles.
Based on our analysis, if the implied volatilities do not deviate dramatically
from their corresponding realized volatilities, then the pairs trading strategy
on the ATM straddles of two foreign exchange rates is protable. In order to
ensure the trade does not suer a huge loss from gamma, which is sensitive to
the ratio of implied volatility and realized volatility, we extended our strategy
to take the modelling and forecasting realized volatilities into account. Balanc-
ing the advantages and disadvantages of existing methods, the High-Frequency
Estimation of the realized volatility of Andersen, Bollerslev, Diebold and Labys
(2003) is adopted. We introduced two supplementary criteria to improve this
strategy: Implied-Realized Criterion and Gamma-Vega Criterion. Comparing
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the prot under dierent criteria, the result shows that the cointegration pairs
trading strategy with supplementary criteria is eective and protable.
In conclusion, we have extended the cointegration pairs trading strategy to the
derivative markets and the empirical study shows that this strategy is protable.
To further extend this strategy, the number of traded underlying assets can be
bigger than two. Furthermore, the dynamic hedging can be imposed in the
strategy to minimize the impact of Delta. This method may weaken the \short-
term period trading" restriction. Last but not least, the method for modeling
and forecasting realized volatility can be revised, such as the methodology pro-
posed by Luciani and David (2011), and the notion of fractional cointegration
may be pursued for further study.
38
Appendix A
In this appendix, it is shown that the price of an at-the-money (ATM) straddle
and the corresponding implied volatility t is approximately a linear relation-
ship.













T t , d2 = d1   
p
T   t and  is the implied
volatility. Using Taylor expansion,















Given that K = Ste








































T   t+ o(St2(T   t)).
For the price of an ATM straddle (STt)






T   t+ o(St2(T   t)):
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Appendix B
The following Table contains the details of the setting of the portfolio.
Currency Ticker GBPNZD GBPUSD
Trading a b TS Decision
Signal 1.0000 0.6762 3.93 short
Straddle sell buy Scale(US$)
Weights 28792.0 43561.2 100,000
Strike 2.05 1.55
Table B.1: Details of the trade.
The following Table is the value of the trading signal. From Table B.2, the
position should be initiated on 03/10/2011 and closed on 07/10/2011.
Date GBPNZD GBPUSD TS z-score
03/10/2011 16.52 11.64 8.65 3.39
04/10/2011 16.88 12.47 8.44 3.18
05/10/2011 16.92 12.51 8.46 3.20
06/10/2011 15.34 12.24 7.07 1.74
07/10/2011 16.92 12.51 8.46 1.52
Table B.2: Trading signal of the trade.
The following Tables are the performance of the strategy and the change of
cumulative P/L due to Greek Letters.
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Date
GBPNZD GBPNZD GBPUSD GBPUSD
Portfolio
Call(1) Put(1) Call(1) Put(1)
03/10/2011 1,148 1,148 361 361 -3,465
04/10/2011 1,229 1,075 307 452 -3,327
05/10/2011 1,100 1,247 354 406 -3,445
06/10/2011 838 1,331 343 397 -3,023
07/10/2011 876 1,160 374 333 -2,783
(1) This is the price of 10,000 shares option.
Table B.3: Performance of the strategy.
Date Vega Theta Delta Gamma
High Actual
Order P/L
03/10/2011 { { { { { {
04/10/2011 42 19 -30 -31 76 138
05/10/2011 3 38 -5 12 -28 20
06/10/2011 457 57 -11 -35 -26 442
07/10/2011 647 72 51 -38 -50 682
Table B.4: Change of cumulative P/L due to Greek Letters.
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